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STABILIZATION OF KAC POLYNOMIALS: SOME CONJECTURES
LUCIEN HENNECART
Abstract. We give some conjectures concerning the behaviour of Kac polynomials of quivers when increas-
ing the number of arrows: they seem to converge in the ring of power series, with a linear rate of convergence.
We prove the convergence for the Kronecker quiver in dimension (1, d). It would be nice to find a geometric
interpretation of this, either in terms of Nakajima quiver varieties, or in terms of Lusztig nilpotent varieties.
All computations were made using SageMath.
1. Kac polynomials
1.1. Quiver representations. Let Q = (I,Ω) be a quiver with set of vertices I and set of arrows Ω, both
finite. We work over a finite field Fq. A representation of Q is the data of a finite dimensional vector space
for any vertex and a linear map for any arrow. Finite dimensional representations of Q form an abelian
category which has been studied for some time now. To Q, we associate a bilinear form (its Euler form):
ZI ×ZI → Z
(d, e) 7→
∑
i∈I di ei−
∑
α:i→j di ej .
1.2. Kac-Moody Lie algebras and Weyl group. To an arbitrary loop-free quiver Q = (I,Ω), we can
associate a Kac-Moody Lie algebra, given by generators and relations, generalizing the relation between
simple Lie algebras and Dynkin graphs. We denote by gQ the Kac-Moody algebra corresponding to Q. It
has a ZI -grading. We write gQ =
⊕
d∈ZI gQ[d]. We also associate to Q a Coxeter group W , called the Weyl
group of the quiver. We refer to [Kac90] for details on these constructions. A slightly larger class of Lie
algebras has been defined by Borcherds using quivers with possible loops in [Bor88]. Although they are very
closely related to this work, they won’t appear directly here.
1.3. Counting representations. At the begining of the 80’s, Kac introduced many families of counting
functions which he showed to be polynomials in q ([Kac82, Kac80a, Kac80b, Kac83]). They are the number of
isomorphism classes of representations of Q over Fq of dimension d, MQ,d(q), the number of indecomposable
representations of Q over Fq of dimension d, IQ,d(q) and the number of absolutely indecomposable represen-
tations of Q over Fq of dimension d, AQ,d(t). The family of polynomials (AQ,d(t))d∈NI is the better behaved
one, as illustrated by the Kac conjectures proved by Hausel [Hau10] and Hausel-Letellier-Rodriguez-Villegas
[HLRV13]. The three families of functions MQ,d(t), IQ,d(t) and AQ,d(t) are related as follows ([BS19, Lemma
3.1]):
(1.1)
∑
d≥0
MQ,d(t)z
d = Expz
(∑
d>0
IQ,d(t)z
d
)
= Expt,z
(∑
d>0
AQ,d(t)z
d
)
,
where Expz and Expz,t denote the plethystic exponentials, see [BS19, Section 1.5].The first equality follows
from Krull-Schmidt property and the second from Galois descent for quiver representations.
The results are as follows
Theorem 1.1 (Kac,[Kac83, Proposition 1.5, Theorems 1, 2]). The function AQ,d(q) is polynomial in q. It
is nonzero if and only if d is a positive root of gQ. It does not depend on the orientation of Q. If w ∈ W is
an element of the Weyl group such that d and w d are both positive, then AQ,d(q) = AQ,w d(q).
Theorem 1.2 (Hausel,[Hau10]). If Q is loop-free and d ∈ NI is a positive root, AQ,d(0) = dimC gQ[d].
Theorem 1.3 (Hausel-Letellier-Rodriguez-Villegas,[HLRV13]). The polynomial AQ,d(t) has nonnegative co-
efficients.
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Remark 1.4. (1) Theorems 1.2 and 1.3 were first proved by Crawley-Boevey and Van den Bergh for
indivisible dimension vectors d ∈ NI in [CBVdB04],
(2) The coefficients of Kac polynomials can be interpreted as the dimension of certain isotypical compo-
nents for a Weyl group action on the compactly supported cohomology of a Nakajima quiver variety.
We have a closed formula for the generating function of Kac polynomials due to Hua:
Theorem 1.5 (Hua, [Hua00]).
∑
d∈NI \{0}
AQ,d(t)z
d = (q − 1) Logz,t

 ∑
π=(πi)i∈I∈PI
∏
i→j∈Ω q
〈πi,πj〉∏
i∈I q
〈πi,πi〉
∏
k
∏mk(πi)
j=1 (1 − q
−j)
z|π|

 ,
where Logz,t is the plethystic logarithm, P is the set of partitions (including the unique partition of 0),
mj(λ) is the multiplicity of the part j in the partition λ, |π| = (|π
i|)i∈I and 〈−,−〉 is the pairing on the set
of partitions given by
〈λ, µ〉 =
∑
i,j
min(i, j)mi(λ)mj(µ).
1.4. Nilpotent versions. The category of representations of Q has two natural Serre subcategories (stable
under extensions, subobjects and quotients): the category of nilpotent representations (the composition of
maps along any sufficiently long path is zero), with associated families of counting functionsM0Q,d(q), I
0
Q,d(q),
A0Q,d(q) and the category of 1-nilpotent representations (the restriction of the representation to a vertex i ∈ I
with gi loops gives a nilpotent representation of Sgi), the quiver with gi loops, with associated families of
counting functions M1Q,d(q), I
1
Q,d(q), A
1
Q,d(q). The equalities (1.1) are still true for these new families of
functions, whose definitions first appear in [BSV17]. In loc. cit., Proposition 1.2, it is proved that these
functions are polynomials in q, and moreover that A♭q,d(t) has integer coefficients for ♭ = 0, 1. It was
conjectured there (Remark 1.3 of loc. cit.) and proved by Ben Davison in [Dav16, Theorem 7.8] that these
polynomials have nonnegative coefficients. It is important to note that A0Q,d(t) depends on the orientation
of Q while A1Q,d(t) does not ([BSV17, Remark 2.8]).
2. Stabilization property of Kac polynomials
2.1. Multi-arrows quivers. Let Q = (I,Ω) be a quiver. We write I = Iim ⊔ Ire, where Iim is the set of
vertices of Q having at least one loop and Ire its complement. For what follows, we may assume that it has
not multiple arrows. Let n = (nα)α∈Ω ∈ N
Ω. The multi-arrows quiver associated to Q and n is the quiver
Qn = (I,Ωn) having the same set of vertices as Q but each arrow α : i → j ∈ Ω of Q is replaced by nα
arrows αl : i→ j, 1 ≤ l ≤ nα. For d ∈ N
I , we consider the Kac polynomials AQn,d(t) ∈ N[t]. We are in the
situation where d is fixed but n will vary, and possibly diverge to infinity.
2.2. Conjectures. Let m = (mα)α∈Ω ∈ (N≥1 ∪{+∞})
Ω. We make the following conjectures, supported by
computations for the generalized Kronecker quivers Kr and multiloop quivers Sg together with a proof for
particular dimension vectors for the generalized Kronecker quivers (Section 2.3).
Conjecture 2.1. The following holds:
(1) For n ∈ N≥1 ∪{+∞}, the valuation of AQn,d(t) is vn :=
∑
i∈Iim(1 + di(
∑
α:i→i nα − 1)),
(2) The sequence of polynomials
AQn,d
tvn
∈ N[t]
converges in N[[t]] as n→ m.
If (2) of Conjecture 2.1 happens to be true, for a set of vertices I, we can associate a family of power series
AI,d(t) ∈ N[[t]] as follows. Let Q = (I,Ω) be a quiver given by an arbitrary orientation of the complete
graph on the set of vertices I. We let ∞ = (∞, . . . ,∞) ∈ NΩ and for d ∈ NI ,
AI,d(t) = lim
n→∞
AQn,d(t).
As Kac polynomials do not depend on the orientation of Q, this family of power series only depends on the
cardinality of I. It is also possible to imagine lots of variants using for example the same process for the
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quiver having exactly one arrow between any two vertices and one loop at any vertex. For the quiver Q, the
support of any dimension vector is connected. Therefore, an easy computation shows that any d ∈ NI \{0},
d 6= ei (i ∈ I), is an imaginary root of Qn for n big enough. Therefore, AQn,d(t) 6= 0 for n big enough.
Remark 2.2. Conjecture 2.1 can also be formulated for the polynomials A♭Qn,d(t) for ♭ = 0, 1. For the first
part, we conjecture that the valuation of AQn,d(t) is 0. The second part of the conjecture has to be modified
accordingly (see [BSV17, Example 2.11] for examples for the quivers Sg with one vertex and g loops).
2.3. Particular cases. To support Conjecture 2.1, we give some examples for some basic quivers, including
the quiver Sg with one vertex and g-loops (multi-loop quivers) and the generalized Kronecker quivers Kr
with two vertices and r arrows from the first to the second.
2.3.1. The generalized Kronecker quivers. We prove Conjecture 2.1 for dimension vectors (1, d) for the gen-
eralized Kronecker quivers. In fact, it is sufficient to prove it for the quiver A2.
Theorem 2.3. Conjecture 2.1 holds for the quiver A2 in dimensions (1, d) and (d, 1), d ≥ 0. Moreover, we
have
lim
r→∞
AKr ,(1,d)(t) = limr→∞
AKr ,(d,1)(t) =
d∏
l=1
1
1− tl
.
Proof. By invariance of the Kac polynomial under modifications of the orientation, it is sufficient to treat
the dimension vectors (1, d) with d ≥ 0.
We will prove the formula by induction on d. A representation of Kr of dimension d = (d1, d2) is seen
as an r-tuple of linear maps (x1, . . . xr), xj : k
d1 → kd2 . For 1 ≤ i ≤ r, let AKr ,d,i be the number of
isoclasses of absolutely indecomposable representations of Kr such that the representation (x1, . . . , xi−1) of
Ki−1 is not absolutely indecomposable and the representation (x1, . . . , xi) ofKi is absolutely indecomposable.
Since any indecomposable representation of Kr of dimension (1, d) or (d, 1) is a brick, and is also absolutely
indecomposable (since the dimension vector is indivisible), it is easily seen that for such a dimension d,
AKr,d,i = q
(r−i)dAKi,d,i
and
(2.1) AKi,d,i = AKi,d − q
dAKi−1,d,
proving on the way that AKr,d,i is a polynomial in q. It is nevertheless not clear whether it has nonnegative
coefficients or not. The equality (2.1) implies
(2.2) AKr,d =
r∑
i=1
q(r−i)dAKi,d,i.
Moreover,
(2.3) AKi,(1,d),i =
{
0 if 0 ≤ i ≤ d− 1
AKi,(1,d−1) if i ≥ d.
It is a consequence of the fact that a representation (x1, . . . , xi) of Ki is indecomposable if and only if the
images of x1, . . . , xi generate the target space F
d
q . Indeed, let (x1, . . . , xi) be an indecomposable representation
ofKi of dimension (1, d) such that (x1, . . . , xi−1) is not indecomposable. Then, i ≥ d since
∑i
j=1 im(xj) = F
d
q .
Moreover,
∑d−1
j=1 im(xj) ( F
d
q . Therefore,
∑d−1
j=1 im(xj) must have dimension d − 1. By action of the group
GLd(Fq), we can assume that
∑d−1
j=1 im(xj) = F
d−1
q ×{0} ⊂ F
d
q and that im(xi) = {0}
d−1 × Fq ⊂ F
d
q .
Therefore, the isomorphism class of (x1, . . . , xi) determines and is fully determined by an indecomposable
representation of Ki−1 of dimension (1, d− 1). This proves (2.3).
For d = 1, AKr,d(q) = |P
r(Fq)| =
∑r
l=0 q
l. This implies the claim for r = 1. Assume that the claim is
verified for any 0 ≤ s < r. Combining (2.2) and (2.3), we get
AKr ,d =
r∑
i=d
q(r−i)dAKi,(1,d−1) =
r−d∑
j=0
qjdAKr−j ,(1,d−1).
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As r →∞, AKr,d converges to
∞∑
j=0
qdj
d−1∏
l=1
1
1− ql
=
d∏
l=1
1
1− ql
.
This implies the claim for d and concludes the proof.

Example 2.4. Assuming Conjecture 2.1, we let AK∞,d = lim
r→∞
AKr ,d. Computations suggest the following
equalities:
AK∞,(2,2) = 1 + 3q + 5q
2 + 9q3 + 12q4 + 18q5 + 22q6 + 30q7 + 35q8 + 45q9 + 51q10 +O(q11)
AK∞,(2,3) = 2 + 4q + 10q
2 + 17q3 + 29q4 + 43q5 + 64q6 + 87q7 + 119q8 + 154q9 + 199q10 +O(q11)
AK∞,(2,4) = 2 + 6q + 13q
2 + 27q3 + 46q4 + 78q5 + 118q6 + 179q7 + 251q8 + 355q9 + 473q10 +O(q11)
AK∞,(2,5) = 3 + 7q + 18q
2 + 35q3 + 67q4 + 113q5 + 186q6 + 286q7 + 431q8 + 622q9 + 882q10 +O(q11)
AK∞,(3,3) = 3 + 9q + 24q
2 + 48q3 + 92q4 + 154q5 + 248q6 + 376q7 + 551q8 + 775q9 + 1070q10 +O(q11)
AK∞,(3,4) = 5 + 15q + 44q
2 + 98q3 + 200q4 + 364q5 + 631q6 + 1021q7 + 1596q8 + 2390q9 + 3485q10 +O(q11)
AK∞,(3,5) = 7 + 23q + 70q
2 + 165q3 + 355q4 + 685q5 + 1247q6 + 2129q7 + 3491q8 + 5488q9 + 8370q10 +O(q11)
AK∞,(4,4) = 8 + 32q + 98q
2 + 250q3 + 547q4 + 1101q5 + 2036q6 + 3574q7 + 5933q8 + 9513q9 + 14658q10 +O(q11)
2.3.2. The multi-loops quivers. Let Sg be the quiver with one vertex and g loops and ASg,d,0 =
ASg,d
q1+d(g−1)
. We
let
AS∞,d,0 = lim
g→∞
ASg ,d,0.
We have the following:
AS∞,1,0 = 1
AS∞,2,0 = 1 + q
2 + q4 + q6 + q8 + q10 +O(q11)
AS∞,3,0 = 1 + q + q
2 + 2q3 + 2q4 + 2q5 + 3q6 + 3q7 + 3q8 + 4q9 + 4q10 +O(q11)
AS∞,4,0 = 1 + q + 3q
2 + 3q3 + 6q4 + 6q5 + 10q6 + 10q7 + 15q8 + 15q9 + 21q10 +O(q11)
AS∞,5,0 = 1 + 2q + 4q
2 + 7q3 + 11q4 + 17q5 + 24q6 + 33q7 + 44q8 + 57q9 + 73q10 +O(q11)
AS∞,6,0 = 1 + 2q + 6q
2 + 11q3 + 22q4 + 33q5 + 57q6 + 80q7 + 121q8 + 164q9 + 231q10 + O(q11)
AS∞,7,0 = 1 + 3q + 8q
2 + 18q3 + 36q4 + 66q5 + 113q6 + 184q7 + 286q8 + 429q9 + 624q10 +O(q11)
AS∞,8,0 = 1 + 3q + 11q
2 + 25q3 + 59q4 + 113q5 + 217q6 + 371q7 + 630q8 + 994q9 + 1554q10 +O(q11)
AS∞,9,0 = 1 + 4q + 13q
2 + 37q3 + 88q4 + 190q5 + 382q6 + 715q7 + 1270q8 + 2162q9 + 3536q10 +O(q11)
AS∞,10,0 = 1 + 4q + 17q
2 + 48q3 + 130q4 + 297q5 + 647q6 + 1280q7 + 2438q8 + 4363q9 + 7571q10 +O(q11)
2.3.3. We consider the quiver
Q = 1 2α
β
.
We let AQn,d,0 =
AQn d
q
1+d2(nβ−1)
and
AQ∞,d,0 = lim
n→∞
AQn,d.
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We have the following formula, suggested by computations.
AQ∞,(1,1),0 = 1 + q + q
2 + q3 + q4 + q5 + q6 + q7 + q8 + q9 + q10 +O(q11)
AQ∞,(1,2),0 = 1 + 2q + 3q
2 + 4q3 + 5q4 + 6q5 + 7q6 + 8q7 + 9q8 + 10q9 + 11q10 +O(q11)
AQ∞,(1,3),0 = 1 + 3q + 6q
2 + 10q3 + 15q4 + 21q5 + 28q6 + 36q7 + 45q8 + 55q9 + 66q10 +O(q11)
AQ∞,(1,4),0 = 1 + 4q + 10q
2 + 20q3 + 35q4 + 56q5 + 84q6 + 120q7 + 165q8 + 220q9 + 286q10 +O(q11)
AQ∞,(2,1),0 = 1 + q + 2q
2 + 2q3 + 3q4 + 3q5 + 4q6 + 4q7 + 5q8 + 5q9 + 6q10 + 0(q11)
AQ∞,(2,2),0 = 1 + 2q + 6q
2 + 8q3 + 15q4 + 18q5 + 28q6 + 32q7 + 45q8 + 50q9 + 66q10 +O(q11)
AQ∞,(2,3),0 = 1 + 4q + 11q
2 + 23q3 + 42q4 + 69q5 + 106q6 + 154q7 + 215q8 + 290q9 + 381q10 +O(q11)
AQ∞,(2,4),0 = 1 + 5q + 19q
2 + 45q3 + 100q4 + 182q5 + 322q6 + 510q7 + 795q8 + 1155q9 + 1661q10 +O(q11)
AQ∞,(3,1),0 = 1 + q + 2q
2 + 3q3 + 4q4 + 5q5 + 7q6 + 8q7 + 10q8 + 12q9 + 14q10 +O(q11)
AQ∞,(3,2),0 = 1 + 3q + 7q
2 + 14q3 + 24q4 + 38q5 + 57q6 + 81q7 + 111q8 + 148q9 + 192q10 +O(q11)
AQ∞,(3,3),0 = 1 + 5q + 15q
2 + 38q3 + 78q4 + 144q5 + 248q6 + 397q7 + 605q8 + 890q9 + 1261q10 +O(q11)
AQ∞,(3,4),0 = 1 + 7q + 27q
2 + 79q3 + 191q4 + 405q5 + 779q6 + 1390q7 + 2336q8 + 3740q9 + 5751q10 +O(q11)
AQ∞,(4,1),0 = 1 + q + 2q
2 + 3q3 + 5q4 + 6q5 + 9q6 + 11q7 + 15q8 + 18q9 + 23q10 +O(q11)
AQ∞,(4,2),0 = 1 + 3q + 9q
2 + 17q3 + 35q4 + 56q5 + 95q6 + 139q7 + 211q8 + 290q9 + 410q10 = O(q11)
2.4. The constant coefficient of Kac polynomials. When Q has no edge-loops, the constant coefficient
of AQn,d can easily be seen to converge when n → m. Indeed, for a connected dimension vector and n big
enough (that is, nα big enough for any α ∈ Ω), d is a positive root and therefore, by Theorem 1.1,
AQn,d(0) = dim gQn [d] = dim n
+
Qn
[d].
where gQn is the Kac-Moody algebra asociated toQn and gQn = n
−
Qn
⊕hQn⊕n
+
Qn
its triangular decomposition.
The NI -graded Lie algebra n+Qn has (Chevalley) generators Ei, i ∈ I verifying Serre’s relations: if i 6= j, and
aij = −
∑
α:i→j nα −
∑
α:j→i nα
ad(Ei)
1−aij (Ej) = 0
This relation is homogeneous of degree ej + (1 − aij)ei. Therefore, when n → m, dim gQn [d] stabilizes and
converges to dim gQm , where gQm is defined the same way as gQn , except that if mα = ∞, α : i → j, there
is no relation between Ei and Ej . If Q is complete, that is any two vertices are connected by an arrow, and
m =∞, then gQ∞ is the free Lie algebra on generators Ei, i ∈ I. Its character is given by Witt’s dimension
formula. For d =
∑
i∈I diei ∈ N
I and |d| =
∑
i∈I di,
dim gQ∞ =
1
|d|
∑
d|di,i∈I
µ(d)
|d|
d
!∏
i∈I
di
d
!
.
It is easy to check on the examples that for the generalized Kronecker quivers, see Example 2.4, this formula
indeed gives the constant coefficient of AK∞,d.
2.5. Speed of convergence. It also possible to conjecture the speed of convergence of AQn,d to AQm,d. To
achieve this, let
αn = val(AQn,d −AQ∞,d)
be the highest power of t dividing AQn,d −AQ∞,d.
Conjecture 2.5. The speed of convergence is linear in n, that is αn(t) is bigger than a linear function
of n whose limit in any infinite direction is infinite. For the generalized Kronecker quiver, we have αr =
r −max(d1, d2) + 1, for the multi-loops quivers, αg = 2g for d = 1, αg = 2g − 1 for d ≥ 2.
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2.6. Dimension count of cuspidal functions. In [BS19], Bozec and Schiffmann introduced two families
of polynomials, CQ,d(t) and C
abs
Q,d(t). When evaluated at q = |Fq|,
CQ,d(q) = dimH
cusp
Q,Fq
[d]
where HcuspQ,Fq [d] is the vector space of cuspidal functions of degree d in the Hall algebra of Q over Fq (see loc.
cit. for more details). The polynomials CabsQ,d(t) are obtained by inductively inverting Borcherds character
formula for Borcherds Lie algebras starting from the formula [BS19, (4.3)]:
π(ch(U(n˜NQ ))) = Expt,z
(∑
d>0
AQ,d(t)z
d
)
,
where n˜NQ is the positive part of a conjectural Borcherds Lie algebra whose character is given by the right
hand side of the above formula. Moreover, these two families of polynomials are related:
CabsQ,d(t) = CQ,d(t) if d ∈ N
I , 〈d,d〉 < 0
Expz

∑
l≥1
CQ,ld(t)z
l

 = Expt,z

∑
l≥1
CabsQ,ld(t)z
l

 if d ∈ NI is indivisible and 〈d,d〉 ≤ 0.
Combining all of this, Conjecture 2.1 has as a consequence the stabilization of the family of polynomials
CQn,d(t) and C
abs
Qn,d
(t) as we increase the number of arrows, if we assume that Q has no loops. It seems
more difficult to conclude if Q has loops although it is reasonable to expect they also verify a stabilization
property of the same kind.
3. Geometric interpretation
It would be nice to be able to understand geometrically this property of Kac polynomials. In this Section,
we give some ideas of where to look for such an interpretation.
3.1. Nakajima quiver varieties. Kac polynomials have an interpretation related to the cohomology of
Nakajima quiver varieties. For indivisible dimension vectors, it is given in [CBVdB04] and for any dimension
in [HLRV13]. Following King ([Kin94]), for λ ∈ ZI and d ∈ NI such that λ · d :=
∑
i∈I λi di = 0,
a representation M of Q of dimension d is said to be stable if λ · dimN < 0 for any subrepresentation
0 6= N (M .
Theorem 3.1 ([CBVdB04]). Let d be an indivisible dimension vector, λ ∈ ZI such that λ · d = 0 and
λ · e 6= 0 for any 0 < e < d. Then
AQ,d(q) =
d∑
i=0
dimH2d−2i(Xs,C)q
i
where Xs is the moduli space of λ-stable representations of dimension d of the preprojective algebra ΠQ and
dimXs = 2d.
Example 3.2. For Q = Kr, d = (1, 1), λ = (1,−1), a representation (ai, bi)1≤i≤r of ΠQ is stable if and only
if (a1, . . . , ar) 6= 0. In this case, Xs is the total space of the tautological bundle over the grassmannian of
hyperplanes in Cr.
3.2. Lusztig nilpotent variety. Kac polynomials appears in the count of points of Lusztig nilpotent vari-
eties, as shown in [BSV17].
Theorem 3.3. For any quiver Q,
Expt,z
(
1
1− t−1
∑
d
Ad(t
−1)zd
)
t=q
=
∑
d
|Λd(Fq)|
|Gd(Fq)|
q〈d,d〉zd.
The interesting point in this formula is that only non-positive powers of t appear in the left hand side.
It implies that s 7→
|Λd(Fq)|
|Gd(Fq)|
q〈d,d〉 is a polynomial in q−1. Therefore, the small powers of Ad contribute the
most. The point count of the zero-level of the moment map also have something to do with Kac polynomials:
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Theorem 3.4 ([BSV17, Formula (1.4)]). For any quiver Q, we have
∑
d
|µ−1
d
(0)(Fq)|
|Gd(Fq)|
= Expt,z
(
t
t− 1
∑
d
Ad(t)z
d
)
t=q
.
Because of this formula, we can expect some interpretation of Conjecture 2.1 in terms of some geometric
properties of µ−1
d
(0) when we increase the number of arrows.
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